Introduction
We x an in nite eld k of any characteristic. In this paper we consider the following three prehomogeneous vector spaces The purpose of this paper is to prove an analogous correspondence for the above prehomogeneous vector spaces (1){(3). For case (1) the correspondence is bijective. However, it turns out that the correspondence is not bijective for cases (2) , (3) .
We describe the ber structure of this correspondence in xx2{4. In x1 we brie y review basic properties of the non-abelian Galois cohomology set and its relation to the orbit space G k n V ss k . In xx2{4 we consider the prehomogeneous vector spaces
(1){(3) respectively.
In xx2{4 we also determine the structure of G 0 x for all x 2 V ss k for the prehomogeneous vector spaces (1){ (3) . If k is a number eld we can associate the zeta function for each case. The zeta function is a counting function of G k n V ss k possibly with the weight vol(G 0 xA =G 0 xk ). So if we determine the structure of G 0 x for all x 2 V ss k , we know what kind of density theorem we can expect for each case. We discuss this issue in x5.
x1. Rational orbits and the Galois cohomology
In this section we brie y recall the relation between the Galois cohomology set and the set of rational orbits in prehomogeneous vector spaces. Also we prove a few lemmas which we will need in later sections.
We rst recall the de nition of the Galois cohomology set. Let G be an algebraic group over k, and k 0 =k a nite Galois extension. A 1{cocycle is a function h = fh g from Gal(k 0 =k) to G k 0 (h is the value of h at 2 Gal(k 0 =k)) satisfying the condition h 1 2 = h 2 h 2 1 for all 1 ; 2 . If h = fh g; i = fi g are 1{cocycles, they are equivalent if there exists g 2 G k 0 such that h = g ?1 i g for all . This de nes an equivalence relation and H 1 (k 0 =k; G) is the set of equivalence classes. Let g 2 G k 0. We use the notation g for the 1{cocycle h = fh g de ned by h = g ?1 g for all 2 Gal(k 0 =k). The cohomology class de ned by g does not depend on the choice of g and we denote this element by 1.
We de ne H 1 (k; G) to be the projective limit of H 1 (k 0 =k; G) for all the nite Galois extensions k 0 . We de ne H 0 (k 0 =k; G) = H 0 (k; G) = G k . If G is an abelian group, H n (k 0 =k; G) can be de ned for all n and has a structure of an abelian group also. Let Moreover, from the naturality of the construction of Zero(x), it will turn out that the following sequence
is exact (but not necessarily split 
Let g = (g 1 ; g 2 ) 2 G k and x = v 1 x 1 + v 2 x 2 . Under the above identi cation g corresponds to (g 1 ; g 1 ; g 2 ). 
The eld k(w ) corresponds by de nition to the cohomology class fg ?1 g g 2
. If is the non-trivial element of Gal(k( )=k) then g ?1 g = and so this cohomology class also corresponds to the eld k( ). Therefore k(w ) = k( ). 
Let
Proof. Consider (1). In order to prove an isomorphism between two algebraic groups G 1 ; G 2 over k, it is enough to prove natural isomorphisms between the sets G 1R ; G 2R of R{rational points of G 1 ; G 2 for all k{algebras R. For this, the reader should see Theorem 3, p. 17].
Let R be any k{algebra. For any Galois extension k 0 =k, 2 Gal(k 0 =k) acts on k 0 R by (x r) = x r. We de ne R( ) = k( ) R and R 1 ( ) = k 1 ( ) R. In order to describe the action of G on V , it is enough to consider the action of elements a(t 1 ; t 2 ); n(u) and Note that this element is di erent from that in (2.2).
We for t 2 k( ); g 2 GL(2) k 1 ( ) .
Let be the non-trivial element of Gal(k( )=k). We extend to Gal(k 2 ( )=k)
so that it is trivial on k 1 . Note that this is possible even if 2 k 2 , because if k 1 is generated by 1 
where the action of the non-trivial element 2 S 2 = Gal(k( )=k) is given by the usual Galois group action. Moreover, 2 k( ) corresponds to the orbit of g ( e 111 + e 222 ).
Proof. We have an exact sequence Consider (2) . Let
Consider the following two exact sequences of abelian groups
where the last maps are given by N k 1 ( )=k( ) .
From the above exact sequences, we have the following long exact sequences. it determines a trivial class in H 1 (k; G 0 w ). But this is not necessarily possible because is not necessarily a k{rational point of GL (1) Consider (2) . Suppose that the characteristic of k is not two.
For in Theorem (3.13)(1),
( 1 e 111 + 2 e 222 ) = ( 1 2 ) 2 ; and for this element, the eld extension is trivial.
For in Theorem (3.13) (2) 
We extend to Gal(k 1 ( )=k) so that it is trivial on k( ). If 2 Gal(k( )=k) we extend to Gal(k 1 ( )=k) so that it is trivial on k 1 . Then acts G k( ) and
If k( ) = k 1 , the action of on G k( ) is given by (g 1 ; g 2 ; g 3 ) = (g 2 ; g 1 ; g 3 ):
Also the action of G k( ) on V k( ) is given by
If k( )=k is an S 3 {extension containing k 1 , we extend to Gal(k( )=k) so that it is trivial on k( 1 ). In other words we are regarding as (23). 
where GL(1) k 1 ( ) GL(1) k 1 ! GL (1) 11 ; t 2 N k 1 ( j )=k( j ) (t 1j ) = 1 for j = 1; 2; 3 = ft 11 t ij 2 k( ) for i = 1; 2; j = 1; 2; 3; t 3 2 k ; t 12 = t 11 ; t 13 = t 2 11 ; t 21 = t 11 ; t 22 = t 11 ; t 23 = t 2 11 t 3 N k( )=k( 1 ) (t 11 ) = t 3 N k( )=k( 1 ) (t 21 ) = 1 9 = ; = ft 11 
Proof. In the following proof, we only consider the set G 0 w k of k{rational points, but the argument can easily be generalized to G 0 w R for any k{algebra R as in Proposition (2.10). Therefore, we are proving isomorphisms of algebraic groups over k.
Consider (1) . It is easy to see that g = g 1 Consider (2) . Note that in G k( ) , 1 
is an S 3 {extension, let 0 2 Gal(k( )=k) be the element which corresponds to the transposition (12). We extend 0 to Gal(k 1 ( )=k) so that it is trivial on k 1 Similarly, we can prove that t 11 2 k 1 ( 1 ); t 12 2 k 1 ( 2 ).
The rest of the condition is obvious. Since Gal(k( )=k) is generated by the permutations (13) and (123), this proves (3).
Consider (4) . Note that since is trivial on k 1 , (g 1 ; g 2 ; g 3 ) = (g 1 ; g 2 ; g 3 ) for (g 1 ; g 2 ; g 3 ) 2 G k( ) . So, as in (3) Consider (1). We have an exact sequence The non-trivial element of Aut(Zero(w )) k is represented by g 1 g ?1 and it induces the exchange of 0 and 0 . Therefore, the action of Aut(Zero(w )) k = Gal(k( )=k) coincides with the Galois group action.
The statement (3) follows from Lemma (1.4). Consider (4) and (5). Let
For case (5), k( ) = k 1 ( 1 ). So for both cases, we have exact sequences
where the last maps are given by N k 1 ( 1 )=k( 1 ) .
From the above exact sequences, we have the following long exact sequences. In cases (2) and (3) the interpretation is complicated by the fact that the map V is not injective. The expected density theorem for these cases counts rational orbits with a suitable weight and does not immediately yield a density theorem for elds since most elds are associated by V with in nitely-many orbits. The rst observation to make here is that the group G 0 x does not depend on G k x, but only on V (G k x) (this was veri ed case by case above). Thus all the orbits associated to a given eld have the same weight factor and we may hope to group them together in the sum in order to obtain a density theorem for elds. Secondly in every case the group G 0 x is a torus and ts into a short exact sequence whose other terms are products of groups obtained from GL(1) by restriction of scalars. The good behavior of Tamagawa measures in short exact sequences and under restriction of scalars (see 4]) leads us to expect that the weight factor will be essentially the class number times the regulator of the given eld. Before describing the conjectural density theorems for cases (2) and (3) it may be helpful to mention a simpler example where many of the same phenomena occur. This is the case of G = GL (2) and so the weight factor for (Q; k 0 ) depends only on k 0 ; it is more or less the class number times the regulator of k 0 . Di erent choices of Q merely give orbits with di erent \discriminants". Similar considerations may be applied to cases (2) and (3). In each case, by grouping together the contributions from each of the orbits in a given ber of V , we should obtain a density theorem for the class number times the regulator of a certain kind of eld. For case (2) the set of elds will consist of the composita of all quadratic extensions of k with a xed cubic eld. For case (3) it will consist of the composita of all elds of degree at most three with a xed quadratic eld. In case (3) the correspondence of orbits with arithmetic objects may be made one-to-one by the device of introducing cyclic algebras as in the discussion of binary quadratic forms above. For example, if k 0 is a non-normal cubic extension, then ?1 V (k 0 ) is (k 0 ) =k N k 0 k 1 =k 0((k 0 k 1 ) ) and this may be identi ed with the set of classes of quaternion algebras Q over k 0 which contain k 0 k 1 , under the equivalence relation Q 1 Q 2 if there is a central simple algebra A over k such that Q 1 ] A k 0 ] = Q 2 ] in the Brauer group of k 0 . This is also possible in case (2) when k 1 =k is cyclic, but does not seem so easy when it is not.
One advantage of considering non-split cases in this paper is that it makes the global theory much easier. For example the group is of rank ve for the split E 6 case in 7], and the complexity of computing the principal part of the zeta function is already formidable. However, the group is of rank three for the non-split E 6 case in this paper, and the global theory is well within our reach. The local theory is slightly more di cult but not much. Of course we would prefer to compute the density of the class number times the regulator of cubic elds without any modi cation. However, by considering the non-split E 6 case, we are still considering cubic elds composed with a given quadratic eld and the expected density theorem will probably be reasonably satisfying.
